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Abstract. We show how to derive the equations of light propagation in the gravitational 
field of uniformly moving mass monopoles without formulating and integrating the dif- 
ferential equations of light propagation in that field. The well-known equations of light 

^ ' propagation in the gravitational field of a motionless mass monopole are combined with a 

> ■ 

suitable Lorentz transformation. The possibility to generalize this technique for the more 

03 

complicated case of uniformly moving body of arbitrary multipole structure is discussed. 
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1. Introduction 

Within the next decade the accuracy of space-based astrometric positional observations is ex 
pected to attain an accuracy of 1 microarcsecond (//as). This techni cal progress is expected to be 



achieved due to a number of space astrometry projects (e.g., GAIA (ESA 2000; 



2001 



Bienavme & Turon 12 002) and SIM ( Shao 1998) approved by ESA and NASA). Modeling 



ogr 



Perrvman et al. 



of the observed data with such an accuracy is a highly non-trivial task that in any case requires 
the use of general relativity. The whole reduction scheme should be consequently formulated 
within the framework of general relativity. Recently, a practical relativistic model for positional 
observations of microarcsecond accuracy performed from space has been formulated by 



Klioner 



2003). In particular, many subtle relativistic effects in light propagation should be accounted 
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for to attain the goal accuracy of 1 //as. One of the most intricate point of the whole relativis- 
tic model is to compute the effects of the translational motion of gravitating bodies on the light 
propagation. 



Hellings 



( 1986) who recommended to 



For the first time this problem was treated probably by 
use the standard post-Newtonian formulas for the light propagation in the gravitational field of a 
motionless body and substitute in those formulas the position of each gravitating body at the mo- 
ment of closest approach of that body and the photon. Next step has been done bv lKlionerl Jl989i 
where the problem has been solved completely for the bodies moving with a constant velocity 
in the first post-Newtonian app roximation. Th e effects of accelerations of the bodies have been 



further treated by 



Klioner & Kopeikin 



( 1199 2) where it was shown that if the coordinates and ve- 
locities of the bodies are computed at the moments of closest approach of the corresponding body 
and the photon, the residual terms of the solution are in some sense minimized. The complete 
solution of the problem for arbitrarily m oving bodies in the first post-Minkowskian approxima- 



tion was found by 



Kopeikin & Schafer 



41J99) who succeeded to integrate analytically the post- 
Minkowskian equations of light propagation in the field of arbitrarily moving mass monopoles 
(see Appendixlclfor an explicit form of the Kopeikin-Schafer solution). These authors used the 
representation of the metric tensor through the Lienard-Wiechert poten tials with retarded ar- 



Kopeikin & Mashhoon 



(2002) 



gument. The Kopeikin-Schafer scheme has been generalized by 
onto the case of arbitrarily moving bodies possessing mass monopoles and spin dipoles. 

Extensive numerical simulations of light propagation in the time-dependent gravitational field 



of the solar system have been recently done by 



Klioner & Peip 



( 2003 ) . That publication contains 



also detailed information of all the approaches mentioned above. The aim of the numerical sim- 
ulations was to check the practical accuracy of various approximate analytical solutions for the 
light pr opagation in the field of moving bodies and verify the practical recommendations formu- 
lated bv lKlionerl J2003 ). 

Up to now all theoretical results concerning light propagation in the field of moving bodies 
concerned moving mass monopoles (i.e. "point masses"). It is well known, however, that for 
GAIA and other space missions not only the mass monopoles, but also the gravitati onal field s 
produced by higher multipoles (especially, by mass quadrupoles) are important ( Klioner I2OO3 ). 
This paper is the first one in a series of papers where the light propagation in the gravitational 
field of moving bodies with full multipole structure will be investigated. The aim of this paper 
is to show that the Lorentz transformation can be used to derive the laws of light propagation in 
the gravitational field of a system of uniformly moving bodies in the first post-Minkowskian (or 
post-Newtonian) approximation of general relativity. 

Let us clarify here that the post-Minkowskian approximation scheme deals with expansions 
in powers of the gravitational constant G. The first post-Minkowskian approximation implies that 
all terms of order 0(G 2 ) are neglected. The post-Newtonian approximation scheme operates with 
expansions in powers of c~ l . In the first post-Newtonian approximation terms of order 0(c~ 4 ) are 
neglected in the equations of light propagation. One can prove that in the case of light propagation 
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the formulas of the first post-Newtonian approximation are linear in G and, therefore, contained 
in those of the first post-Minkowskian approximation. 

It is well known that the differential equations of light propagation in both the post-Newtonian 
and post-Minkowskian approximation are linear with respect to the non-Galilean components of 
the metric tensor h„p: 

gap = rjofi + h ap , (1) 
with 

i7 a p = diag(-l,+l,+l,+l), (2) 

i.e. linear with respect to the gravitational constant G. It is also clear that in this approximation the 
gravitational potentials h a p can be written as a sum of the contributions coming from each body 
of a material system. Therefore, the gravitational influences of each body on the light propagation 
can be considered independently of each other. 

Let us first assume that each body moves with a constant velocity relative to a reference 
system (f, x'). Then, in order to derive the influence of a rectilinearly and uniformly moving body 
A on the light propagation one can simply introduce a reference system (T, X a ) A where the body 
is at rest. Reference systems (T,X") A and (f, x') can be related to each other by usual Lorentz 
transformation. In reference system (T, X a ) A the laws of light propagation are very well known: 
these are the laws of light propagation in the gravitational field of a motionless body (i.e. mass 
monopole (Schwarzschild) field or gravitational field with a given multipole structure). Then 
applying the Lorentz transformation to those known laws of light propagation one restores the 
more complicated equations of light propagation in the gravitational field of uniformly moving 
body A. This very transparent scheme allows one to re-derive and better understand the formulas 
for the ligh t propagation in the field of m oving bodies found recently by 



( 1999!) and 



Kopeikin & Mashhoon 



Kopeikin & Schafer 



(2002), and also generalize these solutions for the case of 



uniformly moving bodies with full multipole structure. 



2. General considerations: uniform motion 

2.1 . Lorentz transformation 

Since each body A in the system can be considered in the same way, the subscript A and the 
corresponding sums will be omitted below. Lorentz transformations between the reference sys- 
tem (t,x') and the reference system (T,X a ) where the body is at rest can be written in the form 
(throughout the paper repeated indices imply Einsteinian summation rule irrespective of their 
positions) 

ct = A° Q cT + A° a X", 

x l = Aj, c T + A4 X\ (3) 
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where 

A' = 5'" + -2— f *°, 
1+7 

r = (i -ft • ky 1/2 , 

k = v/c. (4) 

Here and below a dot between two coordinate 3-vectors denotes a scalar product with respect to 
the Euclidean metric, for example, k ■ k = k" kf. Velocity v is the parameter of the transformation 
that will be discussed below. The inverse transformations read 

™ -rO -r-0 ; 

cJ = A cf + A ; x, 

X a = Alct + A^x\ (5) 

where 
— o 

A = y, 
A? = -*•'% 

A^ = -^ r , 

2 

T =6 ia + ^—k'k a . (6) 
l+y 

2.2. Position of the body 

Let X^j = const be the coordinates of the body in the reference system (T,X a ). Transforming 
events (T, X a A ) into the reference system (f, x') yields 

x A (t) = x A (t A ) + v A (t- t A ), (7) 
where 

v i A = cAyA°=v i , (8) 

and t A can be chosen arbitrarily. These formulas mean that the body that is at rest in the reference 
system (T, X") moves with a constant velocity v A — v in the reference system (f, x'). This velocity 
serves as the parameter of the transformations and (|5|i-(|6} 

2.3. Unperturbed trajectory of the photon 

The unperturbed trajectory of the photon X" p (T) in the reference system (T, X") is a straight line 



X p (T) = X p o + cX(T-To), 



(9) 
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where X p o = const is the position of the photon for T = To and £ is the unit direction of the light 
propagation (L ■ E = 1). Transforming the events (T,X p (T)) into the reference system (f, x') one 
gets 

X p {t) = XpO + co-(t-to), (10) 
where 

cto = A° cT + A a X a p0 , 

x i p0 = A\ 3 cT + M l X a p0 , (11) 
and 

. A* + Ai I." 

a-' = " . (12) 

A° + A°Z« 

Therefore, one has cr ■ cr —\. The inverse transformation of cr into T, has exactly the same form 
as fl!2i but with the corresponding components on the inverse Lorentz transformation: 

— a — a 

An + A ; cr 

I" = J _;, ; ■ (13) 
A + A ; cr ! 

2.4. First-order perturbations of the light ray 

Let us write the perturbed trajectory of the photon X p (T) in the reference system (T, X") as 
X p (T) = X p o + cZ(T-T ) + AX p (T), (14) 
with 

AX P (T Q ) = 0, 



d 



lim — AX P (T) = 0. (15) 



Transforming the events (T,X p (T)) as defined by dl4> one gets 
*p(f) =JCpo + co- (f - f ) + Ajr p (f), (16) 
with 

A^p(fo) = 0, 

lim — Ax p (f) = 0, (17) 
f->-°° dt 

and cr and T, are related to each other by the same equations Jl 21 — J 1 3I > as in the unperturbed case. 
The light path perturbation in the reference system (f, x') reads 

Ax i p (i) = (A i a -cr i A c ) AX a p {T). (18) 

It is useful also to derive the corresponding transformation formulas for the coordinate ve- 
locity of the photon. In the reference system (T, X") one gets 

V p (T)=-^X p (T) = c-L + AV p (T), (19) 



6 S.A. Klioner: Light Propagation in the Gravitational Fields of Moving Bodies 

where 

AV P (T) = ^ AX P (T). (20) 

From ( II 61 one has 

d 

v p (t) = — x p (t) = co- + Av p (t), (21) 
with 

Av p (t) = j Ax p (t). (22) 
The Lorentz transformation gives 

vL = c-5 =-2-. (23) 

p A°+A°V|/c 

Taking f — > -co in J23l > one restores the relation between cr and £ given by (I12> . Therefore, the 
relation between Av p (f) and AV P (T) reads 

Avi(0 = -= (a£ - cr' A°) AV a JT) 

p A° + A° V h p (T)/c V a a > p 

= (7? + X" v£(f)/c) (A* - cr'' A°) AVj(r), (24) 
which can be simplified to 

Ai£(f) = (aJ + X" (W) (Ai - cr ; A°) AVJ(T) + 0(G 2 ) (25) 

in the first post-Minkowskian approximation. The same equation can be derived directly from 
d. 

Now substituting some specific expressions for AX p (T) and/or AV P (T) (e.g. those for the 
Schwarzschild field or for the gravitational field with some multipole structure) one can derive the 
corresponding perturbations Ax p (t) and Av p (t) without integration of any additional differential 
equations of light propagation in the reference system where the body moves. 

3. Mass monopoles in uniform motion 

The solution for the light propagation in the gravitational field of a motionless mass monopole 
in the first post-Minkowskian approximation is very well known (the post- Newtonian a nd post- 



Will 



(1993). In our 



Minkowskian solutions coincide in this case) and was published e.g. by 
notations one has 

AX p (T) = ^F(T) - F(To)\ + 0(G 2 ), (26) 

F(J) = \r\ - °l ■ r - £1 °e(l*l- £ ' 4 (27) 

c c 2 • R) \ r \I 

D = S x (R x E) , (29) 

R = Xpo + cJl(T-T )-X A , (30) 
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where is the constant position of the body. Note that D is a time-independent vector. 

Applying the Lorentz transformations Q-© to each element of J26l >— d30l > (the most impor- 
tant parts of this transformation are given in AppendixlAl and using dl 81 and ( 1251 one gets 
2GM 



Ax p (t) ■■ 
fit)- 



fit)-fit )\ + OiG z ) 



(31) 



1 



r--i<Tr)icr-k) 

p cr • r + yk ■ r 

yQ 



-y i<r - k) log|p - — or • r + yk ■ r 



(32) 



1 

- AVpit) : 



2GM 

— — y( 



r (<x • r) (cr - k) 



1 



P\P -crr + ykr 

OiG 2 ), 



J 

yia-k) 



P 

1/2 



p = (\r\ 2 +y 2 ik-r) 2 ) , 



(33) 
(34) 



where r and 6 are defined by iA.5i and 1A.2I I. respectively. Neglecting in <3U-j34t all the 
terms of order Oik 2 ) (that is retaining all the terms at most linear rel ative to the velocity o f the 
body) we immediately resto re the corresponding formulas derived by 



Klioner & Kopeikin 



Klioner 



(1989 



1991) and 



( 1992) for the case of uniformly moving bodies in the first post-Newtonian 
approximation. 

The equations ( 13 1 i — < !33i can be drastically simplified by using the positions x' A it t ) of the 
gravitating body at the retarded moments of time f* and fo* corresponding to the moments t and 
to as described in AppendixlBl 



2GM I 



Ax pit) = - 



/.(0 = r \e--ia-k) log P , 

\ p* 

1 A 2GM 

- Avpit) = — 



fM-fMn+oic 2 ), 



, |r»| - k ■ /-„ 

'— + (2-6)<r-2k\ + OiG 2 ), 
P* 



p, = |r»| - cr ■ r , 
where d* is defined by iB.lt . Note that 
/(*) = fM -y[<rxikx<r)-i<r-k) log(y 0)] , 



(35) 
(36) 

(37) 
(38) 

(39) 



which implies fit) - fit ) = f t it) - /»(fo) since the second term on the right-hand side of ( l3*9l is 
time-independent. 

The solution d35l >— d37l > co mpletel y coincides with the solution for moving mass monopoles 

( 1999) and given in Appendixlclin explicit form, provided that in 



found by 



Kopeikin & Schafer 



the Kopeikin-Schafer solution one assumes the body to move with a constant velocity. Note that 
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if one computes also k — v/c and the corresponding quantities y and 6 at the retarded moment f* 
the solution J37t for Av p becomes equivalent to the Kopeikin-Schafer solution and is, therefore, 
correct for an arbitrarily moving mass monopole. 



4. Concluding remarks 

Using the well-known light propagation laws in the Schwarzschild field in the first post- 
Minkowskian approximation and the Lorentz transformation we have derived the post- 
Minkowskian light propagation laws in the gravitational field of a uniformly moving mass 
monopole. In a similar way one can combine the Lorentz transformation and the light propa- 
gation laws in th e gravitational field of a body with arbitrary multipole structure discussed by 



Kopeikin 



( 1997) to derive the light propagation laws in the gravitational field of a uniformly 



moving body with full multipole structure. This will be done in a further publication. 

Appendix A: Lorentz transformation of some quantities 

Applying Lorentz transformations to the quantities appearing in J26i — d30i one has 



E = — a U- ^— (l+y0)*), (A.l) 

y0\ 1+y ) 

6=1 - a k, (A.2) 

S = y (tr - Jfc) , t = (A< - A°) E fl , (A.3) 

r 2 

R = r + (k • r) k, (A.4) 
1+y 

r = XpQ + co-(t-to)-XA(i), (A.5) 

|/?| = (|r| 2 + r 2 (*-r) 2 ) 1/2 , (A.6) 

R = r-y 1 (kr)(<T-k), 1 = (a£ - cr ! ' A°) R°, (A.7) 

Z R = — a-r- yk- r, (A.8) 
y9 

D=r-\{cr-r){ ( r-k), d' ' = (K l a - a 1 A°) D a . (A.9) 



Note that for the transformation of R = X p (T) - Xa the Lorentz transformation should be applied 
for the following two pair of events: (1) (t,x p {t)) and (T,X$(T)), and (2) {t,x\{t)) and (7",X^). 
Since the position X A of the body in the reference system (T, X") is time-independent it is allowed 
to use any moment T to represent its position (T',Xf) relative to that reference system. The 
moment T is chosen in such a way that the event (t,x' A {t)) corresponding to (T',X%) has in the 
reference system (f, x') the same time coordinate as the event (f, x' p (t)). Using this scheme one 
easily derives that R a = A, r'. 
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Appendix B: Expressions through the position of the body in retarded 
moment of time 

The retarded moment of time f„ is a function of t and the positions of the photon x p and the body 
Xa and is related to these quantities through the null cone equation 



t» + - |r»| = f, 

c 



with 

r* = Xpo + c a- (t - to) - xa(U). 



(B.l) 



(B.2) 



The unperturbed coordinates of the photon are sufficient in jB.2t since we work in the first post- 
Newtonian approximation. For the case of a body moving with a constant velocity an exact 
relation between r and r» can be deri ved. Usin g JA.5| l. JB.2I >. (IB. II . |7} and jca(0 = *a(?*) + 



Jackson 



( 1974) for a geometric interpretation) 



Va (t - f») one gets (see Section 14.1 of 
r - r, - |r*| k. 

Using r* instead of r in the equations given in Appendix|A|one gets 



\R\ = y (|r.|-Jfe.r.), 

\R\--L-R= — (W-o-t.), 
yB 

D = d« - o- x (k x o-) 6' 1 
where 9 is defined by flA.2b and 
d„ = (rx(r t x (r). 



|r«] -<r-r«), 



(B.3) 

(B.4) 
(B.5) 
(B.6) 

(B.7) 



Appendix C: The Kopeikin-Schafer solution 

An exact post-Minkowskian solution for the light propagation in the gravitational field of moving 



mass monopoles has been first derived by 



Kopeikin & Schafer 



( 1999). The authors do not write, 



however, their solution in explicit form need ed for the purposes of this paper. Taking Eqs. (10), 
(26), (30), (31), (34) and (35) from 



Kopeikin & Schafer 



( 1999) one can write the Kopeikin- 



Schafer solution in the following explicit from: 



f KS (t)-f KS (to) + g(to,t)\ + 0(G 2 ) 



Ax p (t) = 


2GM I 

c 2 \ 


f KS (t) = 


I d„ 



{a- - k») log p, 



(CI) 
(C2) 



g(to, t) ■ 



I c(\r t 



(yf (o- • a,) - 0, (k t ■ a,)) </« 
dt. 



k„ ■ r») 

+ p* log p„ uk t ■ a») (cr - k m ) - y~ 2 a,) 



(C3) 



1 a ^ 2GM 
- Av p (t) = 5- 



\rJ -k t r» 



10 
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— + (2 - 0.) a - 2 k\ + 0(G 2 ), 



1/2 



X 

a* — XA(t*), 
y« = (l-|**l 2 )" 
0, = 1 - <r • k m , 
k * — k(t^j 



(C.4) 
(C5) 
(C6) 
(C7) 
(C.8) 



Kopeikin & Schafer 



( 1999) showed that 



where p t is defined by 1381 . d* by JB.7> and r, by JB.2> . 

the integral g(f, fo) can be rewritten as a function of the retarded times f, and fo« corresponding 
to the moments f and fo, so that the null cone equation is not required while computing g(t, fo). 
However, this is not important for the present paper and we prefer to retain g(t, fo) in the form 
given by iC3l . 

Note that the Kopeikin-Schafer solution is valid for arbitrarily moving bodies and that the 
velocity v of the body and the vector k = v/c are not necessarily constants. The velocity v should 
be computed for the retarded moment f* in ( IC.6I — JUTSt . The actual trajectory of the body should 
be used in IB.H and dB.2b to compute f» and r» . 
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